I. INTRODUCTION
During the recent years there has been a growing interest in the study of non-Newtonian fluid flow in microchannels. Such need arises from the fact that many fluids to be analyzed using the socalled lab-on-a-chip devices are complex fluids, which can be biofluids, colloidal solutions, solutions of high polymers, and suspensions. Such fluids are often classified according to their rheological behaviors as shear thinning/thickening, viscoelastic, viscoplastic, structuralized fluids, and so on.
On a microscale, the hydrodynamics can become more intriguing when the fluid is a generalized Newtonian material, of which the viscosity may change as a function of the shear rate. In the absence of inertia, a low-Reynolds-number flow is so much affected by the viscous force that the rheology of the material can play a central role in determining the flow behaviors. Microhydrodynamics of complex fluids 1 is an emerging topic drawing attention from both applied and basic research communities.
Flow in a microchannel can be driven by pressure gradient, electrokinetics, or a combination of both. Flow that happens under an applied electric field is called electroosmotic (EO) flow. It results from the interaction of the electric field and mobile ions in the electric double layer (EDL) formed on a charged surface. The electric double layer comprises an inner Stern layer, where counterions (ions of opposite charge to that of the surface) are firmly attached to the surface, and an outer diffuse layer, where counterions outnumber coions and form a charged atmosphere shielding the bulk solution from the charged surface. The electric potential at the shear plane, where the no-slip boundary condition is assumed to apply, is called zeta potential. The net charge density drops off exponentially through the diffuse layer, asymptotically approaching zero far from the surface. The length scale that defines the exponential drop-off of the net charge density is known as the Debye shielding length, which is also a measure of the thickness of the EDL. a) Author to whom correspondence should be addressed. Electronic mail: cong@hku.hk.
The fact that EO velocity does not depend on the channel size is an advantage often harvested by applications that require flow in ultrafine channels. Pure EO flow is also known to be a nearly pluglike flow when the EDL is much thinner than the lateral dimension of the channel. Such plug-like EO flow can be visualized as flow resulting from a boundary slip, where the slip velocity is known as the Smoluchowski slip velocity. 2 It is often that analysis of EO flow in a channel of complex geometry is simplified using the Smoluchowski slip velocity as the boundary condition, thereby avoiding the need to solve the momentum equation with the Lorentz body force. This approach works, however, only for Newtonian EO flows. When the fluid is non-Newtonian, nonlinear interaction between mechanical and electric forcings will make linear superposition of solutions due to individual forcings illegitimate.
EO flow of a non-Newtonian fluid was not theoretically investigated until recently. Motivated to study biofluids in micro-systems, Das and Chakraborty 3 and Zimmerman et al. 4 pioneered to develop theories on non-Newtonian electrokinetic flow and transport in microchannels. To this date, the power-law model has been the most chosen rheological model for studies on EO flow of nonNewtonian fluids in microchannels. Examples are: Chakraborty, 5 Berli and Olivares, 6 Zhao et al., 7 Bharti et al., 8 Olivares et al., 9 Tang et al., 10 Zhao and Yang, [11] [12] [13] Berli, 14 Vasu and De, 15, 16 Babaie et al., 17 Hadigol et al., 18 Sadeghi et al., 19 Cho et al., 20, 21 Shamshiri et al., 22 Vakili et al., 23 and so on. The power-law model is a relatively simple two-parameter model, where the shear-thinning, Newtonian, or shear-thickening behaviors are conveniently modeled by setting the flow index to be less than, equal to, or larger than 1, respectively.
While the power-law model can be used to describe pseudo-plastic or dilatant behaviors, the viscoplastic characters cannot be described unless a yield stress is introduced. A material with a yield stress either does not flow, or flows like a rigid body when the stress is smaller in magnitude than the yield stress. Viscoplastic materials with a yield stress have been reviewed in detail by Bird et al. 24 They reviewed several viscoplastic models, which can be used to describe many yield-stress materials frequently encountered in industrial problems, including pastes, slurries, and suspensions. The magnitude of yield stress varies in different fluids, for example, 4 mPa for a normal blood with 40% hematocrit 25 and 7 to 11 Pa for a mineral suspension with 52 wt. % solids. 26 There exist, however, only a limited number of works in the literature 6, 27-29 which have considered EO flow of fluids with a yield stress. How the yield stress will affect an EO flow has remained largely unknown thus far. This is the motivation for the present study.
This work aims to develop analytical solutions for EO flow of a yield-stress material through a parallel-plate channel, of which the walls are uniformly charged with an arbitrary zeta potential. Three types of viscoplastic materials, viz. Casson fluid, Herschel-Bulkley fluid, and Bingham plastic, 24 are considered. The specific objectives are as follows, which should distinguish our work from those in the literature.
The primary objective to look into the decreasing effect due to a yield stress on the EO velocity, where the yield-stress effect may change qualitatively depending on the viscoplastic model. Analytical expressions are deduced for velocity profiles for the three types of materials. Each velocity profile consists of a sheared region, where the yield stress is exceeded, and an unsheared region, where the stress is below the yield stress. The yield surface, which is the interface separating the sheared and unsheared regions, is located within the near-wall EDL. Therefore, it is the uniform velocity in the unsheared region that dominates the velocity profile. This uniform velocity profile, resulting from a yield stress, looks similar to the classical plug-like EO velocity profile without a yield stress. However, the former is a result of interaction between rheological properties of fluid and electric forcing, and is therefore subject to more controlling factors than the latter.
The yield-stress effect can also change dramatically depending on the electric forcing. Hence, another objective of this study is to examine EO flow of a yield-stress material when the zeta potential can be large or small. The Debye-Hückel approximation, which follows from the assumption of small electric potential and is often used to linearize the Poisson-Boltzmann equation, is not adopted in this work. Without the Debye-Hückel approximation, our model can handle both limits of small and large zeta potentials. Zeta potential is a very crucial factor in the present problem, as it will determine the stress distribution, which will in turn determine the flow in the sheared and unsheared regions. Existing studies that have considered EO flow of non-Newtonian fluids under a large zeta potential include Bharti et al., 8 Zhao and Yang, 12, 30 Vasu and De, 16 Babaie et al., 17 Vakili et al., 23 and so on. Yield stress is, however, not considered in these studies. Our problem is described in further detail in Sec. II. Strictly one-dimensional steady EO flow without pressure forcing is considered. For a simple flat surface, the nonlinear Poisson-Boltzmann equation for the electric potential has the classical Gouy-Chapman solution. The Cauchy momentum equation can then be readily solved for the stress as a function of the zeta potential. These details are given in Sec. III. The known stress distribution allows the location of the yield surface to be found as a function of the yield stress and the zeta potential, which is detailed in Sec. IV. In Secs. V-VII, the velocity profiles for Casson, Herschel-Bulkley, and Bingham fluids are derived. The plug-flow velocities, which can be regarded as reduced Smoluchowski velocities, are expressed as analytically as possible. The analytical limits for the velocities under small and large zeta potentials are deduced as well. We then examine in Sec. VIII, with numerical results, how the plug-flow velocity is affected by the yield stress and the zeta potential for each of the three viscoplastic models. It will be shown that the dependence of the flow on the yield stress changes as a function of the zeta potential, and comparisons will be made for the effects of yield stress among different materials.
II. PROBLEM DESCRIPTION
Consider EO flow of a viscoplastic material through a slit channel bounded by two parallel flat plates, which are at a distance of 2h apart. The surfaces of the two plates are uniformly charged with the same zeta potential ζ . Figure 1 shows a definition sketch of our problem. The electric potential ψ and the flow are both symmetrical about the centerline of the channel. Hence, it suffices for us to limit our analysis to the lower half of the channel: 0 ≤ y ≤ h, where the transverse coordinate y is the distance from the lower wall of the channel. The flow is purely one-dimensional, forced by an externally applied steady electric field E x in the x-direction. There is no pressure gradient, whether applied or induced, in the flow. Gravity effect is also ignored. The fluid is assumed to be a homogeneous material with constant rheological parameters, and a constant dielectric permittivity . The flow being steady, laminar, and fully developed, we denote the axial velocity and the shear stress by u x = u(y) and τ xy = τ (y), respectively. We assume that the electric double layer that is formed near the wall is much thinner than the channel height. The electric potential is therefore virtually zero in the bulk fluid.
III. ELECTRIC POTENTIAL AND STRESS DISTRIBUTIONS
In the absence of pressure gradient and gravity effect, the Cauchy momentum equation for flow driven by an electric body force reads as follows:
where E x is the applied electric field, and ρ e = ρ e (y) is the free charge density in the EDL. By electrostatics, the electric potential ψ(y) in the EDL is related to the net charge density ρ e , given by the Poisson equation
where is the dielectric permittivity of the liquid electrolyte. With the further assumptions of a Boltzmann distribution for the ions in the EDL and a symmetric electrolyte solution, ρ e is given by
where e is the fundamental charge, z is the valence of the ions, n ∞ is the bulk concentration, k B is the Boltzmann constant, and T is the absolute temperature. Combining Eqs. (2) and (3) forms the Poisson-Boltzmann equation:
with the boundary conditions
where y → ∞ means a distance from the wall that is much larger than the EDL thickness (see below). The solution to Eqs. (4)- (6) is given by the well-known Gouy-Chapman solution
whereψ = ψ/ζ is the normalized electric potential,
is a non-dimensional parameter for the zeta potential, and
in which κ = (2n ∞ z 2 e 2 / k B T) 1/2 is termed the Debye parameter, the inverse of which is the Debye shielding length or the thickness of the EDL. The condition that the EDL is much thinner than the channel height amounts to the conditionκ 1. For anyζ , the electric potential drops off exponentially with distance from the wall according to exp(−κŷ). One can find thatψ becomes practically negligible at a distance about 6 times the Debye length from the wall,κŷ > 6. Also, the normalized potentialψ at anyκŷ > 0 decreases asζ increases.
With Eq. (2), and using the conditions that the stress and the electric potential gradient are zero atŷ = 1, Eq. (1) can be readily integrated to givê
whereτ = τ/τ E is the non-dimensional shear stress that has been normalized by
which is the wall stress under the limiting conditionζ 1. Without loss of generality, we shall assume that τ E is positive.
On substituting Eq. (7) into Eq. (10), the stress distribution is found to bê which is applicable to any generalized Newtonian fluids. The stress at the wall iŝ
which is also the maximum stress in the entire distribution. The stress will decrease from the wall at a rate given by
Increasing the zeta potentialζ will not only exponentially increase the stress at the wall, but also exponentially increase the rate of drop-off of the stress from the wall. These effects are clearly seen in Fig. 2 , which shows the normalized stressτ as a function of the stretched coordinateκŷ for several values ofζ . Equation (12) can be rewritten aŝ
and hence, at a sufficiently largeκŷ, the shear stress is proportional to tanh (ζ )/ζ , which is a monotonously decreasing function of a positiveζ . As a result, with a larger zeta potential, the shear stress is larger at the wall but smaller away from the wall. This explains why there is always an intersection between two curves in Fig. 2 . In the particular case of a Newtonian fluid, the stress is linearly proportional to the shear rate, τ = μdu/dy, where μ is the dynamic viscosity of the fluid. We may writê
whereû = u/u s is the non-dimensional velocity that has been normalized by the Smoluchowski velocity for Newtonian fluid,
From Eqs. (10) and (16), we readily get
on using the boundary conditionsû(0) = 0 andψ(0) = 1. Far outside the EDL,ŷ κ −1 , the potential is zeroψ = 0, and thereforeû = 1. As is well known, the Smoluchowski velocity u s is the plug flow velocity outside the EDL in the case of a Newtonian fluid, for large or small zeta potentials.
In the limiting case of a very small zeta potential, the following limits can be obtained from Eqs. (7) and (12):
which agree with those derived under the Debye-Hückel approximation. In this limit,τ w = 1, which confirms that τ E given in Eq. (11) is indeed the wall stress under the limiting condition ζ 1.
The zeta potential ζ that is available in practice is normally not larger than 200 mV, which corresponds to a normalized zeta potentialζ = zeζ /(4k B T ) ≈ 2z at a temperature of 25
• C. Hence, for ions of valence one or two, the maximum normalized zeta potential that we may consider in practice should not exceed 5. To show the analytical trends, we shall, however, deduce and examine the asymptotic limits for very large zeta potential,ζ 1, in Secs. IV-VIII. In the figures, only results forζ ≤ 5 are presented.
IV. YIELDED AND UNYIELDED REGIONS
For a viscoplastic material with a normalized yield stresŝ
the material will not be set into motion by the applied electric field unless the maximum stress, which is the wall stress, exceeds the yield stresŝ
When this condition is met, there exists a distance from the wall,ŷ =ŷ 0 , at which the stress is equal to the yield stress:τ (ŷ 0 ) =τ 0 . This defines the position of the yield surface. Let us callŷ 0 the yield height, as it is also the height of the yielded region. Using Eq. (12), we may obtain after some algebra the yield height asŷ
The yield height is zero,ŷ 0 = 0, when the fluid is on the threshold of motion:τ 0 =τ w . The yield height will increase monotonically as the yield stress decreases from this threshold value. The upper limit isŷ 0 = 1 whenτ 0 = 0. In the limit of a small zeta potential, Eqs. (21) and (22) give
which agree with the those derived by Ng 29 based on the Debye-Hückel approximation. In the opposite limit of a very large zeta potential, we get from Eqs. (22) and (7) 
When the wall stress exceeds the yield stress, the material will flow. The flow is divided into two regions: (i) the yielded (or sheared) region 0 ≤ŷ <ŷ 0 , whereτ >τ 0 ; (ii) the unyielded (or unsheared) regionŷ 0 <ŷ ≤ 1, whereτ <τ 0 . In the unsheared region, the shear rate is zero, implying a constant velocity, and therefore a plug-like profile. For a yield stress 0 <τ 0 <τ w , the fluid flow will have a reduced height to develop its velocity before reaching a uniform flow at a definite point due to the presence of a yield surface. In sharp contrast, in the absence of a yield stress, the flow may develop its velocity across the entire EDL, on asymptotically approaching a uniform flow at the outer edge of the EDL (κŷ 1). The early attainment of uniform flow will cause a fluid with a yield stress to have a lower plug-flow velocity than its counterpart without a yield stress. Figure 3 shows the normalized yield heightŷ 0 as a function ofζ andτ 0 . For a fixed yield stresŝ τ 0 , increasing the zeta potentialζ will in general decrease the yield height, which can be understood with the effect ofζ on the stress distribution as shown in Fig. 2 . Remarkably, Fig. 3 = O(0.1) , depending on the yield stress. As a matter of course, increasing the yield stress will also decrease the yield height, as can be seen from Eqs. (23) and (24) for the small and large zeta potential limits. Hence, the yield height is reduced by either increasingζ for fixedτ 0 or increasingτ 0 for fixedζ . As will be seen later, these two ways of decreasing the yield height will, however, lead to opposite effects on the plug-flow velocity in the unsheared region.
Let us develop in Secs. V-VII the velocity profiles for three specific viscoplastic materials.
V. CASSON FLUID
The model proposed by Casson 31 can be generalized into
This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. where τ is the stress tensor,γ = ∇u + (∇u) T is the rate of deformation tensor, μ is the plastic viscosity, τ 0 ≥ 0 is the Casson yield stress, and |τ | = 
whereû = u/u s andτ 0 = τ 0 /τ E are the normalized velocity and yield stress. The superscript "Ca" is used to distinguish a velocity of the Casson model. On using Eqs. (10) and (12) for the stress distributionτ (ŷ), we may obtain for the sheared region (0 ≤ŷ <ŷ 0 ) the velocity satisfying the no-slip wall condition as follows:
whereψ(ŷ) andτ w are given by Eqs. (7) and (13), respectively. The plug-flow velocity in the unsheared region (ŷ 0 <ŷ ≤ 1) is then given byû Ca p =û Ca (ŷ 0 ), where the yield heightŷ 0 is given by Eq. (22) .
In Eq. (28), I 2 is the following integral:
which does not have a closed-form analytical formula in general. For small zeta potentials such that ζ < 1, we may obtain an approximation for I 2 , on applying the Taylor and binomial expansions to the integrand, as follows: is checked by comparison with the exact values, as shown in Table I . We have found that this approximate formula is accurate for a finiteζ that is as large asζ = 0.8. Whenζ > 0.8, the integral I 2 has to be evaluated numerically. In this work, Simpson's rule for numerical integration is used. Ca
This limiting velocity profile agrees with the one deduced by Ng 29 based on the Debye-Hückel approximation. For a very small zeta potential, the plug-flow velocity of a Casson fluid is decreased by the yield stress through a leading term of orderτ 1/2 0 . At the opposite extreme of a very large zeta potential,
by which we may get the following asymptotic limit for the plug-flow velocity of a Casson fluid
where Eq. (24) has been used. Hence, under a large zeta potential, the plug-flow velocity is decreased by the yield stress only by a weaker term of order lnτ 0 . Also, such decreasing effect due to the yield stress is to diminish with increasing zeta potential according toζ −1 .
VI. HERSCHEL-BULKLEY FLUID
The Herschel-Bulkley model 32 is as follows:
where τ is the stress tensor,γ = ∇u + (∇u) T is the rate of deformation tensor, τ 0 ≥ is the yield stress, m is the consistency parameter, n is the flow index, and
are the magnitudes of the deformation rate and stress tensors, respectively. As only shear-thinning fluids are of interest here, the flow index in the range 0 < n < 1 is considered. The Herschel-Bulkley model reduces to the power-law model when τ 0 = 0, and to the Bingham model when n = 1. Under simple shear, the Herschel-Bulkley model, in dimensionless form, can be written as
whereû n = u n /u sn , (τ ,τ 0 ) = (τ, τ 0 )/τ E are the normalized velocity and stress. The superscript "HB" and subscript "n" are used to denote a velocity of Herschel-Bulkley fluid of flow index n. The generalized Smoluchowski velocity for a power-law fluid 7, 12 is used here to normalize the velocity
Obviously, when n = 1 and m = μ, the generalized Smoluchowski velocity reduces to the Newtonian Smoluchowski velocity given in Eq. (17), or u s1 = u s . 
whereψ(ŷ) andτ w are, respectively, given by Eqs. (7) and (13), 
For other values of n than those equal to the reciprocal of an integer, we may evaluate Eq. (39) by numerical integration using Simpson's rule.
In the limit of a very small zeta potentialζ → 0, the integrals above are simply given by
Hence, by using Eqs. (19) and (23), the plug-flow velocities for a very small zeta potential are readily obtained as follows: 
whereτ 0 < 1. For a very small zeta potential, the plug-flow velocity of a Herschel-Bulkley fluid is decreased by the yield stress through a leading term of orderτ 0 for all values of n considered here. At the other extreme, for a very large zeta potential (ζ 1), the plug-flow velocities will tend to the following asymptotic limits:
where only the leading terms are shown in each limit above. Remarkably, these velocities will increase exponentially with the zeta potential, where the exponential growth is faster for smaller n. The terms associated with the yield stress are subdominant, and hence the effect due to a finite yield stress is always negligible under the conditionζ 1 for a Herschel-Bulkley fluid with n < 1.
A. Power-law fluid
When the yield stress is zero,τ 0 = 0, the Herschel-Bulkley model reduces to the power-law model, for which the problem has been previously studied by Zhao and Yang. 12 The integral in Eq. (39) withoutτ 0 can be analytically expressed as follows:
where the superscript "PL" is used to denote the case of power-law model, and
in which 2 F 1 (a, b; c; z) is the Gauss hypergeometric function. Without a yield stress, the plug-flow velocity is the asymptotic limit of the velocity far outside the EDL, which is analytically given bŷ
Zhao and Yang 12 are the first who derived the power-law EO flow profiles in terms of the hypergeometric functions. We have obtained Eqs. (57)-(59) using Mathematica R 9.0. The special cases of Eq. (59) in the limits of Newtonian fluid, small and largeζ have been discussed by Zhao and Yang. 12 For n = 1/2, 1/3, 1/4, 1/5, the hypergeometric function in Eq. (59) is expressible by elementary functions, which can be readily found with Mathematica.
R The plug-flow velocities for power-law fluids with these values of n are as follows:
which can be checked to agree with the far-from-wall limits given by Eqs. (40)- (47) on omitting terms containingτ 0 in these equations. Also, it is easy to prove that all these velocities tend to the limit of 1 whenζ → 0. The leading terms of these velocities can also be checked to agree with those of Eqs. (53)-(56) whenζ 1, for which the velocities will blow up exponentially, where the rate of exponential growth is higher for smaller n.
VII. BINGHAM PLASTIC
Bingham plastic is a Herschel-Bulkley fluid with a unity flow index, n = 1, for which the consistency parameter can be replaced by the plastic viscosity, m = μ. Under simple shear, the Bingham model, in dimensionless form, reads
whereû = u/u s , (τ ,τ 0 ) = (τ, τ 0 )/τ E are the normalized velocity and stress. The superscript "Bn" is used to distinguish a velocity of the Bingham model. On using Eqs. (10) and (12) for the stress distributionτ (ŷ), we may obtain for the sheared region (0 ≤ŷ <ŷ 0 ) the velocity satisfying the no-slip wall condition as follows:
whereψ(ŷ) is given by Eq. (7). The plug-flow velocity in the unsheared region (ŷ 0 <ŷ ≤ 1) is then given byû Bn p =û Bn (ŷ 0 ) = 1 −ψ(ŷ 0 ) −τ 0κŷ0 , where the yield heightŷ 0 is given by Eq. (22).
In the Newtonian limit,τ 0 = 0, Eq. (65) reduces toû(ŷ) = 1 −ψ(ŷ), which is Eq. (18), as expected. In the limit of a small zeta potential, Eq. (65) gives lim ζ →0û
Therefore, on applying Eq. (23), the plug-flow velocity in this limit is given by
For a very small zeta potential, the plug-flow velocity of a Bingham plastic is decreased by the yield stress according to terms of linear order ofτ 0 , which is similar to that for a Herschel-Bulkley fluid with n < 1. At the other extreme, for a very large zeta potential, the plug-flow velocity of a Bingham plastic tends to the following asymptotic limit:
where Eq. (24) has been used. Hence, unlike a Herschel-Bulkley fluid with n < 1, the plug-flow velocityû p of a Bingham plastic (n = 1) will not blow up exponentially, but instead is upper-bounded by 1, asζ becomes very large. We further note that Eq. (68) is similar in form to Eq. (34), which is the counterpart large-ζ asymptote for a Casson fluid. Bingham plastics and Casson fluids will have similar dependence on the yield stress and zeta potential, when the zeta potential becomes very large. In this asymptotic limit, the plug-flow velocity is decreased by the yield stress only through a weaker term of order lnτ 0 . On the other hand, such decreasing effect of the yield stress will diminish algebraically according toζ −1 .
VIII. RESULTS AND DISCUSSIONS

A. Casson fluid
We show in Figs. 4(a) and 4(b), for Casson fluids, the plug-flow velocityû p as a function of the yield stressτ 0 and zeta potentialζ . We first recall that, as has been shown in Fig. 3 , the yield heightŷ 0 decreases when either the yield stressτ 0 or the zeta potentialζ increases. Here, whenτ 0 increases, as shown in Fig. 4(a) , the plug-flow velocity decreases. However, whenζ increases, as shown in Fig. 4(b) , the plug-flow velocity increases. In the former case, a larger yield stress results in a smaller yield height, thereby a smaller plug-flow velocity, as reasoned earlier. In the latter case, a larger zeta potential gives rise to a stronger stress distribution. Although the sheared region is reduced in height, the larger stress in the sheared region leads to a larger plug-flow velocity in the unsheared region.
For a Casson fluid, the plug-flow velocity can be sensitively decreased by the yield stress for sufficiently small zeta potential; see Fig. 4(b) . A yield stress as small asτ 0 = 0.001 can decreaseû p by more than 10% whenζ ≤ 1. For a very large zeta potential, sayζ ≥ 100, the plug-flow velocity becomes much less sensitively affected by the yield stress. This can be illustrated by a yield stress ofτ 0 = 0.8, which will decreaseû p by more than 99.9% whenζ < 0.1, but in sharp contrast by only 5% or smaller whenζ > 100. From Fig. 4(b) , we also see that theζ → 0 limit ofû p , given by Eq. (32), can be practically attained whenζ ≤ O(0.1). 30%, while that of a Casson fluid is already decreased by some 70%. Hence, we may conclude that a Herschel-Bulkley fluid (including Bingham plastic) is in general not as strongly affected by the yield stress as a Casson fluid for the reduction of the plug-flow velocity by the yield stress. Second, for a zeta potential as small asζ = O(0.01), a smaller flow index n tends to have a larger decreasing effect due to the yield stress on the plug-flow velocity. The effect may, however, vary non-monotonically with n, depending onτ 0 andζ . Anyway, for a zeta potential that is smaller than order unity, the flow index n has a relatively mild effect in the problem. Changing n, within the range of values studied, will not significantly change how the yield stress affects the plug-flow velocity.
For a zeta potential that is order unity or larger, the flow index n can have a much more dramatic effect in the problem. We show in Fig. 6 the plug-flow velocity as a function of the zeta potential for n = 1 (Bingham plastic) and n = 1/2, 1/5. For n = 1, a non-zero yield stress will continue to have a finite, although reduced, effect on the plug-flow velocity when the zeta potential becomes larger than order unity. For n < 1, increasing the zeta potential beyond order unity will cause the plug-flow velocity to blow up exponentially, whether the yield stress being zero or not. Consequently, a finite yield stress,τ 0 = O(1), will quickly lose its influence on the plug-flow velocity as the flow index drops below unity, n < 1, when the zeta potential is larger than order unity,ζ 1.
C. Comparison between the models
To summarize our discussions presented above, and to further illustrate the effect of yield stress on the plug-flow velocity for different materials, we present in Table II some representative values of the following quantity: whereû p (without yield stress) is under the same conditions asû p (τ 0 ) except that the yield stress is zero. This quantity is the percentage reduction of the plug-flow velocity due to the yield stress of the material.
The following points are noted again as a summary to the present study.
1. Among the three kinds of viscoplastic materials that have been examined, a Casson fluid is most sensitive to having its plug-flow velocity be reduced by the yield stress of the material. 2. For any material, the flow is more susceptible to the effect of a yield stress for a lower zeta potential. 
5.
Increasing the zeta potential to order unity or above can considerably diminish the decreasing effect of a yield stress on the plug-flow velocity. The change due to an increasing zeta potential is relatively mild (algebraically) for a Casson fluid and a Bingham plastic, through a term of orderζ −1 . In sharp contrast, the change can be very dramatic for a flow index n < 1, for which the velocity will blow up as an exponential function of the zeta potential irrespective of the yield stress.
IX. CONCLUDING REMARKS
In this paper, we have developed solutions for EO flow of three types of yield-stress materials, namely, Casson, Herschel-Bulkley, and Bingham fluids, in a slit microchannel without the DebyeHückel approximation. Analytical expressions are deduced for the plug-flow velocities under the limiting conditions of very small and very large zeta potentials. These analytical limits reveal the different asymptotic behaviors that are exhibited by the different materials. The yield stress is to reduce the Smoluchowski slip velocity, where the reduction of EO velocity is a function of not only the yield stressτ 0 itself, but also the zeta potentialζ and the flow index n. Under a small zeta potential, the velocity reduction by the yield stress is of orderτ We have for simplicity ignored pressure forcing in the problem. Owing to nonlinearity, adding a forcing to the flow can non-trivially modify the effect due to the yield stress. It is worth pursuing in a future study an extension of the present theory to determine how various combinations of mechanical and electric forcings will give rise to different dependence of the flow on the rheological parameters.
EO flow of complex fluids is fraught with many open questions. If the complexity of the fluid is due to dispersed inclusions, it is possible that the electric field distribution may change within the Debye layer arising from the inhomogeneity of the inclusions. Whether inhomogeneity of the electric permeability is a pertinent effect in a complex fluid near walls in EO flows needs to be further understood. Future studies should find out more about the interaction between large inclusions and the EDL.
